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We derive a simple formula for the number of rooted loopless planar maps with a given 
number of edges and a given valency of the root vertex. 
Enumeration of rooted planar maps occasionally gives rise to simple formulae 
for the numbers of maps in non-trivial and interesting cases even when the maps 
are not trees. Some examples of formulae for rooted planar maps with n edges 
are: 
all (connected) maps (Tutte [5]): 
2(2n)! 3" 
n! (n +2)! ' 
loopless maps (Walsh and Lehman [8D: 
6(4n + 1)! 
n! (3n+3)! ' 
3-connected triangulations with n = 3m(Tutte [4]): 
2(4m-3)!  
m! (3m- l ) ! "  
See [8] for an explanation of the relationship between the latter two formulae. 
What about summation-free two parameter formulae for rooted planar maps? 
Some have been discovered for various sorts of two connected triangulations 
where one parameter is the number of vertices and the other is the number of 
vertices on the external face. See Brown [1], Mullin [3] and Tutte [6]. Apparently 
only one such formula has been discovered so far for other types of planar maps: 
Brown and Tutte [2] have shown that the number of rooted 2-connected planar 
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maps with i + 1 vertices and ] + 1 faces is 
(2i+1-2)!(2]+i-2)t  
i! i! (2 i -  1)! (2] -  1)! 
We give another: 
Theorem.  For n, m >~ 1 the number a,,,~ of Ioopless rooted planar maps with n edges 
and root face valency m is given by 
2m(4n-1 -2m) ,  (2m + 1) 
an,,,, =(n-Zm-'~.(~n--_m + 1)t \ m " 
This is also the number of 3-connected cubic planar maps with 3n + 3 edges and 
outer face valency m + 2. 
Proof. By taking dual maps one sees that a,,m 
maps with n edges and with root face of valency m. Let 
n=l  m=l  
By (5), (10) and (1l) of [9]: 
xy2a(x, y)2+ (1-  y - xya(x, 1))a(x, y) + y - 1 = 0 
and 
where 
a(~ 1)=(1 + u)2(1- u) 
is the number of isthmusless planar 
(1) 
(2) 
u = x (u  + 1) 4. (3) 
Solving the quadratic equation (1) for a(x, y), using (2) to eliminate a(x, 1) and 
using (3) to eliminate x, we get 
a(x, y)=(l+u)2 ( ~/ 4uy .~ 
2uy 2 y+3uy- ( l+u)2±( l+u) ( l+u-y )  1 ( l+u)2 ] .  
(4) 
Calculation of the coefficients of y-2 and y-1 shows that the positive sign, not the 
negative, is the correct one. By the binomial theorem, 
~/ 4uy ** 2 (2k5: ) (  uy ~k 
1 (1 + u) 2= 1-  Y~ ~ (1 +~,W' 
k=l  
and so (4) implies that for k >~ 1 the coefficient of yk in a(x, y) is 
1 (2k'~[(k+2)u k u k*l ] 
(k + 1)(k + 2) ~ k 11(1+ u) 2~-1- (4k + 2) (1~ ~2~ j. (5) 
Applying Lagrange's theorem (see Tutte [7], for example) to extract he coeffi- 
cient of x" from (5) using (3) establishes the formula for a~,,,. The cubic map 
result follows from the correspondence in [9]. [] 
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